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Abstract

This paper is within the Bishop’s constructive mathematics. A
quasi-antiorder relational system means a pair (A4, R) where (A,=,#)
is a set with apartness and R is a consistent and cotransitive binary
relation on A. We define and study a quotient system mapping ¢ such
that the factor relation R/Cokery on the factor set A/Cokery is also
a quasi-antiorder relational system.
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1 Introduction

This paper is a continuation of the second author’s recent papers [12] and [13].
Our setting is Bishop’s constructive mathematics ([1], [2], [6], [14]).

The concept of a relational system was introduced by A.L.Maltsev ([4], [5])
We will restrict our consideration to relational systems with only one binary
relation. Hence, by a relational system we will take a pair A = (A, R), where
(A,=,#) is a set with apartness and R C A x A, i. e., R is a binary relation
on A. Relational systems play an important role both in mathematics and in
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applications since every formal description of a real system can be done by
means of relations. For these considerations we often ask about a certain fac-
torization of a relational system A = (A, R) because it enables us to introduce
the method of abstraction on A. Hence, if # is a coequality on A, we ask
about a 'factor relation” R/6 on the factor set A/6 such that the factor system
(A/6, R/0) shares some of 'good’ properties of A.

In this paper, we are mostly interested in relational systems A = (A, R) where
R is consistent, i.e. (Vz,y € A)((z,y) € R = = # y) and cotransitive, i.e.
(a,c) € R imply (Vb € A)((a,b) € R V (b,c) € R). In that case, A is called a
consistent and cotransitive system or a quasi-antiorder system.

Our intention is to study the situation on A such that the system (A/6, R/0)
is also consistent and cotransitive.

Let us note that a similar task for anti-ordered sets was already studied in [9]-
[13], and we will try to modify that construction for consistent and cotransitive
relational systems. According to [9] and [10], if (S, =, #, -, @) is an anti-ordered
semigroup and o a quasi-antiorder on S, then the relation ¢ on S, defined by
q = o0 Uo™!, is an anticongruence on S and the set S/q is an anti-ordered
semigroup under anti-order © defined by (zq,yq) € © < (z,y) € 0. An
anticongruence ¢ on S is called regular if there is an antiorder ”6;” on S/q
satisfying the following conditions:

(1) (S/q,=1,%#1,-,0;) is an anti-ordered semigroup;

(2) The mapping 7 : S 3 a — aq € S/q is an anti-order reverse isotone
epimorphism.

We call the antiorder ”60;” on S/q a regular antiorder with respect to a regular
anticongruence ¢ on S and the anti-order « .

In this article we are interested in quasi-antiorder systems ((A, =, #), @) and
0 coequality on A such that the relation a/6, defined by (af,b0) € /0 <~—
(a,b) € 6Y o a0 6, is a quasi-antiorder relation on A/ . The system
A0 = (A/0,a/0) will be called a quotient system of A by 6.

2 Preliminaries

Let (A,=,#) be a set in the sense of books [1], [2], [6] and [14], where "# 7 is
a binary relation on A which satisfies the following properties:

Sz #Fa),rFy=y£r,rFtz=cFYvVy+z,
TFYNy=z= 1 # 2,

called apartness (A. Heyting). The apartness is tight (W. Ruitenburg) if —(z #
y) => x = y holds. Let Y be a subset of A and x € A. The subset Y of A is
strongly extensional in A if and onlyif y € Y = y#a VzeY ([1], [8]). If
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x € A, we defined ([8]) z <Y by (Vy € Y)(y # x).

Let f: (A,=,#) — (B,=,#) be a function. We say that it is:

(a) f is strongly extensional if and only if (Va,b € A)(f(a) # f(b) = a # b);
(b) f is an embedding if and only if (Va,b € A)(a # b= f(a) # f(b)).

Let « € Ax B and § C B x C be relations. The filled product ([7]) of relations
« and (3 is the relation

Bxa=A{(a,c)e AxC:(Vbe B)((a,b) € a V (b,c) € 5}.
A relation ¢ C A x A is a coequality relation on A if and only if holds:

qC#, q=q ", ¢Cqxq.

If g is a coequality relation on set (A,=,#), we can construct factor-set
(A/q7 =1, 7&1) with

aq =1 bqg <= (a,b) <1 q, aq #1 bq <= (a,b) € q.
A relation o on A is an antiorder ([9]-[12]) on A if and only if
aC# aCa*xa, ZCaUa™!, (ana™ =0).
As in [9], a relation 7 C A x A is a quasi-antiorder on A if and only if
TC(aC)#, 7CTx*T, (TNT 1 =0).

Let f: ((A,=,#),a) — ((B,=,#),) be a strongly extensional function

of relational systems. f is called isotone if (Vz,y € A)((z,y) € a =
(f(z), f(y)) € B); fis called reverse isotone if and only if (Vz,y € A)((f(z), f(y)) €
B = (z,y) € a). The strongly extensional mapping f is called an isomor-
phism if it is injective and embedding, onto, isotone and reverse isotone. A
and B called isomorphic, in symbol A = B, if exists an isomorphism between
them.

Let us note if ¢ : ((A,=,#),a) — ((B,=,#), ) is a strongly extensional of
quasi-antiorder systems, then ¢ ~1(/3) is a quasi-antiorder included in « .

3 Results

Firstly, we will start with two definitions:

Definition 1 Let ((A,=,#),a) and ((B,=,#), ) be two relational systems.
A reverse isotone strongly extensional mapping ¢ : A — B is called a quotient
system mapping (abbreviated to QS-mapping) of A to B if holds

a C Kerpo g *(3)o Kerp.



1310 D. Joji¢ and D. A. Romano

In the case when ¢ is onto, B is called a quotient set of A by ¢ .

Note: It is easy to see that QS-mapping of two quasi-antiorder relational
systems is isotone mapping. In fact, if (z,y) is an arbitrary element of a, then
there exist elements a, b of A such that ¢(z) = ¢(a) and (p(a), (b)) € B and
©(b) = ¢(y). Since [ is a quasi-antiorder relation on B, out of (¢(a), p(z)) €

B C# or (p(x),0(y)) € B or (o(y), p(b) € B S# we have (p(z),¢(y)) € .
So, the QS - mapping is a isotone mapping.

Definition 2 Let ((A, =,#), @) be a relational systems and 6 be a coequality
relation on A. Define a binary relation /6 on the set A/0 as follows:

(ah,b0) € /0 <= (a,b) € 8% 0o a0 0.

The system A/0 = (A/0,«/0) will be called a quotient system of A by 6 .
The following statement is obvious.

Lemma 1 Let A = (A, «) be a relational system and 0 be a coequality on A.
(i) If &« C 0, then /0 is consistent.

(i) /0 is symmetric if and only if o is symmetric.

(iii) If o is cotransitive, then « /0 is cotransitive too.

Proof: (1) Suppose that « is included in 6 and let (af,bf) be an arbitrary
element of a./f. Then (a,b) € ¢ o a0 C 6 000 C . Thus, af #, b6 .
(2) Immediately follows from definitions of symmetry and «//6 .

(3) Let (ad,cf) be an element of «/f and let bf is an arbitrary element of
A/0. Then (a,c) € 0 o a0 6 | i.e. then there exist elements z, z in A such
that

(a,2) >0 A (z,2) € a A (2,¢) 0.

Hence,
(a,z)0 N (Vy € A)((z,y) € aV (y,2) € a) A (z,¢) 0
and

(Vy € A)(((a,z) <O A (x,y) € a A (z,¢) >=8)V ((a,2) <O A (y,2) €
a(z,c)x=6)) .

Thus, for y = b, out of above formula we have
((a,z) 1O A (z,0) € a A (b,b) 1 8) V ((b,b) O A (b, 2) € N (z,¢) >x10))

and, finally
(a,b) €% 0oV (byc) €0 0aoh®. O
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In the following assertion we give an answer on on the question: If A = (A, a)
is a quasi-antiorder relational system and @ is a coequality relation on A, when
the factor-system (A/f0, /) is a quasi-antiorder relational system too?

Corollary 1.1. Let A = (A, a) be a consistent and cotransitive relational
system and 0 be a coequality on A such that o C 0. Then, the relation /6 is
a consistent and cotransitive on set A/0 .

However, following [3] the lower and upper bounds can be defined also for
general relational systems. Let A = (A, «) be a relational system and a, b be
elements of A. In the tradition of [3] but some different to it we introduce the
following notations:

La(a,b)={x € A:(x,a) €aV (z,b) € a}
Uala,b) ={y € A: (a,y) € aV (by) € a}.

If a = b, we will write L4(a) and U4 (b) instead aa and ba respectively. Clearly,
if v is a consistent relation, then a < Ly(a) and a < Uy(a) for each a € A. Tt
is easy to prove the following two assertions:

Remark. Let A = ((A,=,#),a) be a quasi-antiorder relational systems.
Then:

(&, b) > v iff LA(CL, b) = LA(&) iff UA(&, b) = UA(b)
and
(a,b) € a <= A =Upy(a) U Lp(b).

Proof. (1) It is clear that La(a) C La(a,b). Suppose that (a,b) > . Now
out of (x,b) € o and (a,b) < « follows (z,a) € a. Therefore, (a,b) 1 a =
LA(CL) = LA(CL7 b)

(2) Let La(a,b) = La(a) holds. Out of a > Ls(a) = La(a,b) we conclude
that (a,b) > « . In fact, let (u,v) be an arbitrary element of a. Then, we have
(u,a) € @ or (a,b) € aor (b,v) € a. Suppose that (a,b) € a. Then, it would
be

a < LA(b) - LA(CL) U LA(b) = LA(&, b) = LA(CL).
Since the least is impossible, we conclude that (a,b) # (u,v) .
(3) The proof for (a,b) b< av iff Ua(a,b) = Ua(b) we get analogously. ¢
Following definition of LU-mapping in [3] we introduce analogous notion:

Definition 3. Let A = ((A,=,#),a) and B = ((B,=,#),5) be two re-
lational systems. A surjective strongly extensional mapping f : A — B is
called an LU-mapping if
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f(La(z,y)) = La(f(x), f(y)) and f(Ua(z,y)) = Ua(f(2), f(y))

holds for all x,y € A.
If A= (A=,%),a) and B = ((B,=,#),3) are quasi-antiorder relational

systems and if f is a strongly extensional and reverse isotone surjective map-
ping, then

Lp(f(x), f(y)) € f(La(z,y)) and
Us(f(z), f(y)) € f(Ua(z,y)).

Indeed, let z € Lg(f(z), f(y)), i.e. let (2, f(x)) € B or (2, f(y)) € B. Then
there exists an element ¢ of A such that z = f(¢t) and (f(¢), f(x)) € (§ or
(f(t), f(y)) € B . Since, f is a reverse isotone mapping, we have (t,z) € « or
(t,y) € a. Thus, t € La(z,y) and z = f(t) € f(La(x,y)). Proof for inclusion

Up(f(x), f(y)) € f(Ua(z,y)) is analogous.

In the following theorem we prove that every strongly extensional reverse
isotone QS-mapping between two quasi-antiorder relational systems is LU-
mapping.

Theorem 1. Let A = ((A,=,#),a) and B = ((B,=,#),3) be quasi-
antiorder relational systems and f : A — B be a strongly extensional reverse
1sotone surjective QS-mapping. Then f is a strongly extensional isotone and
reverse isotone LU-mapping.

Proof. (1) Let z be an arbitrary element of f(L4(z,y)). Then there exists
an element ¢ of La(x,y) such that z = f(¢) and (¢,2) € a V (t,y) € a. Since
f is QS-mapping, then there exist elements a, b, c,d € A such that

z=f{t) = f(a) A (f(a), f(b)) € B N f(b) = f(x)

z=f(t)=f(e) A (flc), f(d)) € B A f(d) = f(y).

Thus, we have z € {u € B: (u, f(z)) € BV (u, f(y)) € B} = Lp(f(z), f(y)).
(2) The second inclusion f(Ua(z,y)) € Up(f(x), f(y)) we prove analogously.
0

The first important result about relational system A /6 is given by the follow-
ing theorem.

Theorem 2 Let A = ((A, =, #), a) be a quasi-antiorder relational systems. If
0 is a coequality on A such that o C 0, then the canonical mapping ©: A —
A/ is a QS-mapping.
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Proof: Let 6 be a coequality relation on a quasi-antiorder relational systems
((A,=,#),a) and let /6 be a relation on A/6 defined by

(af,b0) € /0 <= (a,b) € 0° o v 0

For the mapping 7 : A — A/0 , defined by 7(a) = af (a € A), we have:

(i) For elements a and b of A such that a = b we have (a,b) <16 D 000 f°.
Hence, if (u,v) be an arbitrary element of ¢ o a0 #¢, then we have (a,b) #
(u,v) € 8% o w0 . So, finally, we have af =, b0 .

(ii) It is obvious that is a strongly extensional mapping.

(iii) By Corollary 1.1, the relation « /6 is a quasi-antiorder and the system A /6
is quasi-antiorder system. Suppose that (ad,b0) € /6, i.e. suppose that there
exists elements x, y of A such that (a,z) > 6 and (z,y) € o and (y,b) > 6.
Since # O «, out of (x,a) € aV (a,b) € a V (b,y) € a we have (a,b) € «
because (z,a) < o and (b, y) > a. Hence, from (7(a), 7(b)) € /0 we conclude
that (a,b) € a. Therefore, the mapping 7 is reverse isotone.

(iv) If (z,y) € a, then (z,y) € 0 c a0 6, ie. then (26,y0) € /0. Thus,
(z,y) € 7~ Y(a/H). Therefore, we have a C 77 (a/0) C 0 o (a/0) 0 6. So,
the mapping 7 is a QS-mapping. [J

The second main result about the relational system A/6 is given by the
following theorem and corollary.

Theorem 3 Let A = ((A,=,#),a) and B = ((B, =, #), 3) be quasi-antiorder
relational systems and let ¢ : A — B be a surjective QS-mapping . Then
Cokery is a coequality on A and there exists the strongly extensional and
embedding isotone and reverse isotone bijective mapping v : A/Coker —
((B, = #,#),0).

Proof: We will verify first that ¢ : A/Cokerp — B , defined by ¥ (aq) =
¢(a), where ¢ = Cokeryp |, is a strongly extensional QS-mapping of sets such
that v o™ = . Let a/q be a quasi-antiorder on set A/q. Then:

(1) The relation ¢ : A/qg — B, defined by ¥(aq) = ¢(a), is a strongly
extensional and embedding relation:

U(aq) # ¥(bg) <= ¢(a) # ¢(b)
<= (a,b) € Cokeryp =q
< aq #1 bq.

(2) The 9 is an injective relation: In fact, since 1(aq) = ¥ (bq) is equivalent
with (a,b) € Kery, for arbitrary element (u,v) € ¢ we have (a, b) # (u,v) € q.
Thus, aqg =1 bq.

(3) Let ag =1 bq, i.e. let (a,b) < ¢ and suppose that ¢ (aq) # 1(bg). Thus,
we conclude (a,b) € ¢ which is impossible. So, should be =(¢(aq) # 1(bq)).
Therefore, the relation 1 is a strongly extensional, injective and embedding
mapping from A onto (B, #,#).
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(4) Let (¥(aq),v(bq)) € B, ie. let (¢(a), (b)) € B. Thus (a,b) € a C
q¢ o aoq“ and (aq, bq) € a/q. So, the mapping 1 is reverse isotone.

(5) Let (ag, bq) be an arbitrary element of a/q, i.e. let (a,b) € ¢ o a0 ¢q® .
Since o C Kery o p~!(3) o Kerp, we have

(a,b) € ¢“oaoq® Cq%o Kerpop(B)o KerypoqC.

Therefore, there exist elements z, 2/, ¢/, y of A such that (a,z) > ¢ and
(z,2') € Keryp and (2/,y') € ¢~ *(3) and (y,y) € Kery and (y,b) < g, i.e.
holds (a,r) < ¢q and (z,2") € Kerp and (2/,y') € ¢~ 1(8) and (v, y) € Keryp
and (y,b) > ¢q. Further on, out of (p(z'),¢(y")) € B we have (p(z'), p(x)) €
B C# or (p(x),p(a)) € B C# or (p(a), p(b) € B or (p(b),p(y)) € B C# or
(p(y), p(y)) € B C+#. Finally, we have (¢(a), (b)) € § and the mapping ¢ is
an isotone mapping. [J

Corollary 3.1 Let A = ((A,=,#),«a) and B = ((B,=,#),3) be quasi-
antiorder relational systems, where the apartness on B are tight, and let o :
A — B be a surjective QS-mapping . Then Cokery is a coequality on A and
there exists the isomorphism: A/Cokery = ((B,=,#), ) as quasi-antiorder
relational systems.
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